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$S_{n}$ , $|S_{n}|=n!$ $\sigma(j)=i_{j}$
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$t^{\sim}t’$
$\lambda\vdash n$ tablaux











$\{\sigma_{1}, \sigma_{2}\}=\{(\begin{array}{lllll}1 2 3 4 52 3 1 5 4\end{array})$ $(\begin{array}{lllll}l 2 3 4 52 1 3 5 4\end{array})\}$
$\lambda=(3,1)\vdash 4$ tabloid 2
$\{\pi_{1}, \pi_{2}\}=$ $\{(\begin{array}{lllll}l 2 3 4 52 5 4 3 l\end{array})$ $(\begin{array}{lllll}l 2 3 4 55 2 4 3 l\end{array})\}^{ \epsilon\dagger g^{i}\not\subset T^{r}\sqrt[\backslash ]{} ^{}\backslash \mathfrak{B}Xlfstandardtab1aux |\Psi\lambda.\check{\circ}}nlf,tab1auxt$




$\pi_{i}=\tau\sigma_{i}\tau^{-1},$ $\tau=(\begin{array}{lllll}1 2 3 4 55 1 2 3 4\end{array})$ . 2.5
$\pi,$ $\sigma\in S_{n}$
$\exists_{\tau,\pi=\tau\sigma\tau^{-1}}$ $\pi$ $\sigma$ $G$ $G$ $d_{\rho}$
$\forall_{\tau,\sigma}\in S_{n},$ $f(\sigma)=f(\tau\sigma\tau^{-1})$ $\rho:Garrow \mathbb{C}^{d_{\rho}\cross d_{\rho}}$
$\sigma$
$\sigma$
$\rho(xy)=\rho(x)\rho(y) , \forall_{x,y\in G}$ (4)
$p(x^{-1})=(\rho(x))^{-1}, \forall_{X\in G}$ (5)
2.4 tablaux &tabloid, standard
tablaux
$\lambda$ $=$ $(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{k})$ , $\lambda_{1}$ $\geq$ $\lambda_{2}$ $\geq$ . . . $\geq$





$d_{\rho}\cross d_{\rho}$ $Q$ $\rho_{i}=Garrow \mathbb{C}^{d_{\rho}}:^{xd_{\rho}}\cdot(i=1,2)$
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1. [9] $\lambda\vdash n$ Young $\rho_{\lambda}$
2.6 Young $[2]$ tabloids $\tau_{\lambda}$ $C_{\lambda}$
Young
(YOR) YOR $\lambda\vdash n$ $C_{\lambda}^{-1} \tau_{\lambda}(\sigma)C_{\lambda}=\bigoplus_{\mu\underline{\triangleright}\lambda}\bigoplus_{l=1}^{K_{\lambda,\mu}}\rho_{\mu}(\sigma)$ $\forall_{\sigma\in S_{n})}$ (10)
$\lambda$















$\rho_{\lambda}(\sigma)^{-1}=\rho_{\lambda}(\sigma)^{T}$ ( $S$ )
$\rho_{\lambda}(\sigma)$
$\rho_{\lambda}$
$\lambda\vdash n$ $\lambda$ tabloids
$\tau_{\lambda}$







$\langle f|g\rangle=(n!)^{-1}\sum_{\sigma\in S_{n}}f(\sigma)g(\sigma)$ (11)
$\rho_{\lambda}$ $(i, j)$ $\rho_{\lambda’}$ $(k, l)$ $\lambda=\lambda’$
$(i, j)=(k, l)$ $\lambda=\lambda’$
$(i, j)=(k, l)$ $1/d_{\lambda}$
$\langle\rho_{\lambda,(i,j)}|\rho_{\lambda’,(k,l)}\rangle=\delta_{\lambda\lambda’}\delta_{ik}\delta_{jl}\frac{1}{d_{\lambda}}$ (12)
$S_{n}$ $f:S_{n}arrow \mathbb{R}$ Young
$\hat{f}_{\rho_{\lambda}}=\sum_{\sigma\in S_{n}}f(\sigma)\rho_{\lambda}(\sigma), \lambda\vdash n$
(13)
$\chi_{\lambda}(\sigma)=$ trace $(\rho_{\lambda}(\sigma))$ (14)
$\lambda$ :
$(n!)^{-1}$ trace $(f(\lambda))=\langle f|$ trace $(\rho_{\lambda})\rangle$ , (15)
$\forall\tau, \sigma\chi_{\lambda}(\tau\sigma\tau^{-1})=\chi_{\lambda}(\sigma)$ . (16)
$=$
$\{\chi_{\lambda}\}_{\lambda\vdash n}$ $f$ : $S_{n}arrow \mathbb{R}$
( )
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$[\hat{f}_{\tau_{\lambda}}]_{\{t\},\{t’\}}=P_{\Gamma}[\sigma(\{t’\})=\{t\}]\sigma\in {}_{f}S_{n}$ (18) 2.9 (MWIPF) [1]
$(\sigma\in fS_{n}$ $Pr[\sigma]=f(\sigma)$ $\sigma$
) Broder [1] $F\subseteq S_{n}$
(Min-Wise Independent Parmutation Family,
1. $($Diaconis $[2, Chap. 3D],$ Huang $et al. [9].)$
MWIPF)
2-wise(Pair-wise) $\lambda=(n-2,1,1)$













$[\hat{f}_{\tau_{\lambda}}]_{\{t\}},\{t’\}_{\sigma}=Pr[\sigma(\{t’\})=\{t\}]$ 2. $F\subseteq S_{n}$
$= Pr_{S_{n}}[\bigwedge_{i=1}^{2}\sigma(x_{i})=y_{i}]\sigma\in J$
;
$\forall_{k}(0\leq k<n), X\in(\begin{array}{l}[n]k\end{array}),x\in[n]\backslash X$
$(x_{1}, x_{2})$ $(y_{1}, y_{2})$
$[Pr[\pi(X)=\{1,2, \ldots, k\}\wedge\pi(x)=k+1]$
2.8 $= \frac{1}{(n-k)(\begin{array}{l}nk\end{array})}]$ . (22)
$f,$ $g$ : $S_{n}arrow \mathbb{R}$ $\sigma,$ $\tau$
$f(\sigma)=Pr[\sigma],$ $g(\tau)=Pr[\tau]$
2 $\sigma,$ $\tau$ 2
$\pi=\sigma\tau$ ( $\tau$ $\sigma$ ) [5] $n=4$
$h(\pi)=Pr[\pi|$ lcm(4,3,2,1) $=12$





$= f*g(\pi)$ . (19)
2.10 Robust Permutation Family
Robustness [6].
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$\forall\sigma\in S_{n},$ $X\subseteq[n](X\neq\emptyset),$ $x\in X$ $LD(f);=\frac{\langle f-P(f)|f-P(f)\rangle}{\langle f1f\rangle}$
$\pi\in FPr[\min\sigma\circ\pi(X)=\sigma\circ\pi(x)]=\frac{1}{|X|}.$ $\square$ (23)







3. [6] $F\subseteq S_{n}$ Robust
;
$\forall k(0\leq k<n),$ $X,$ $Y\in(\begin{array}{l}[n]k\end{array}),$
$x\in[n]\backslash X, y\in[n]\backslash Y$
$[ Pr[\pi(X)=Y\wedge\pi(x)=y]=\frac{1}{(n-k)(_{k}^{n})}]$ . (24)




4. $S_{n}$ $f$ : $S_{n}$ $arrow$ $\mathbb{R}$ k-
wise independent $\forall(x_{1}, x_{2}, \ldots, x_{k})(x_{i}\in$
$[n],$ $x_{i}\neq Xj$ for $i\neq j$ ) $\forall(y_{1}, y_{2}, \ldots, y_{k})(y_{i}\in[n],$ $y_{i}\neq$





[4] $f$ : $S_{n}arrow \mathbb{R}$ $f$
$(P(f))( \sigma)=\sum_{\lambda\vdash n}\langle f|\chi_{\lambda}\rangle\chi_{\lambda}(\sigma)$
(26)
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$LD$ $(f)=$ $LD$ $(\overline{f})$ , (30)
$LD$ $(f^{\tau})=$ $LD$ $(f)$ (31)
4 $n(n=4,5)$
4.1 4












1 $A_{4}$ , $S_{4}\backslash A_{4}$
$A_{4}$ $S_{4}$ $\forall\tau\in S_{4},$ $\tau A_{4}\tau^{-1}=A_{4}$
$LD(A_{4})=0$
$LD(S_{4}\backslash A_{4})=0$













$n$ $=$ 5 $(|F|$ $=$
$lcm(5,4,3,2,1)=60)$
$F$ $7^{20}$





















$k$-wise Robust 3, 4
1 tabloid
Young
5. $f$ : $S_{n}arrow \mathbb{R}$ $f$
$k,wise$ independent $\mu\underline{\triangleright}(n$
$k,$ $1,$
$\ldots$ , 1 $)$ $(1$ $k$ $)$ , $\mu\neq(n)$ Young
$-$
$\hat{f}_{\rho_{\mu}}$ $0$
6. $F\subseteq S_{n}$ , $f$ : $S_{n}arrow \mathbb{R}$ $F$
$F$
Robust Permutation Family $\mu\underline{\triangleright}$




5.1 Robust Family Young





2 $F\subseteq S_{n}$ Robust
7
$1\leq k<n$
$\forall_{X},$ $Y\subseteq(\begin{array}{l}[n]k\end{array}),$ $x\in[n]\backslash X,$ $y\in[n]\backslash Y$
$\pi\in FPr[\pi(X)=Y\wedge\pi(x)=y]=\frac{1}{(n-k)(\begin{array}{l}nk\end{array})}$ (32)
$X$ $[n]\backslash X\backslash \{x\},$ $Y$ $[n]\backslash Y\backslash$
$\{y\}$ $1 \leq k<\lfloor\frac{n-1}{2}\rfloor$
(32)
$\lambda=(n-k-1, k, 1)$
2 tabloids $\{t_{X,x}\},$ $\{t_{Y,y}\}$





$=\{\begin{array}{l}1 (\sigma(X)=Y\wedge\sigma(x)=y)0 (otherwise)\end{array}$ (33)
$\pi$ $F\subseteq S_{n}$









$\hat{f}’=\{\begin{array}{lll}\bigoplus_{\mu\underline{\triangleright}\lambda} K_{\lambda\mu,\oplus} \hat{f}_{\rho_{\mu}}\mu\neq(n) l=1 \end{array}\}$
$\hat{f}_{\tau_{\lambda}}$ $=$
$\sum_{\sigma\in S_{n}}f(\sigma)\tau_{\lambda}(\sigma)$
$=$ $C^{-1}( \Sigma_{\sigma\in S_{n}}f(\sigma)[0\mu\neq n)\nu_{\frac{\bigoplus_{\triangleright}}{\langle}\lambda}\bigoplus_{l=1}\rho_{\mu}(\sigma)0\lambda_{\mu}])C$








$k(1 \leq k\leq L\frac{n-1}{2}$ $)$ $\mu\underline{\triangleright}(n-$
$k-1,$ $k,$ $1),$ $\mu\neq(n)$ $\hat{f}_{\rho_{\mu}}$
$1 \leq k’\leq k\leq L\frac{n-1}{2}$ $(n-k’-1, k’, 1)\underline{\triangleright}$
$(n-k-1, k, 1)$
$( \exists_{k}(1\leq k\leq L\frac{n-1}{2}\rfloor)\mu\underline{\triangleright}(n-k-1, k, 1))$
$\Leftrightarrow\mu\underline{\triangleright}(n-L\frac{n-1}{2}\rfloor-1, \lfloor\frac{n-1}{2}\rfloor, 1)$
$=( \lceil\frac{n-1}{2}\rceil, \lfloor\frac{n-1}{2}\rfloor, 1)$ (37)
$F\subseteq S_{n}$ : Robust $\Rightarrow\hat{f}_{\rho_{\mu}}=0$
for $\mu\underline{\triangleright}(n-L\frac{n-1}{2}\rfloor-1, \lfloor\frac{n-1}{2}\rfloor, 1),$ $\mu\neq(n)$
(38)
$\Rightarrow$
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